Periods for rank 1 irregular singular connections 

on surfaces 



Marco Hien 1 

Abstract: We define a period pairing for any flat, irregular singular, rank one connection satisfying a 
technical condition regarding its stationary set on a complex surface between de Rham cohomology 
of the connection and a modified singular homology, the rapid decay homology. We prove that this 
gives a perfect duality. 

1 Introduction 

Let X be a smooth quasi-projective algebraic variety over the complex numbers and £ be a vector bundle on X 
equipped with an integrable connection 

V :E^E0 ffx a l xlc . 

Its de Rham cohomology H* IR (X;E, V) is defined as the hypercohomology of the complex 

— ► E E ® ffx fli| C E ®ff x fl| |c . . . E ® &x — ► , 

where £i£| C denotes the sheaf of Kahler /j-forms on X. 

In addition to these data, we can consider the analytic manifold X a „ associated to X as well as the associated 
analytic vector bundle E a „ with holomorphic connection V m . The hypercohomology of the resulting complex of 
sheaves of holomorphic forms with values in E gives the analytic de Rham cohomology. If X is projective, it 
follows from the Poincare Lemma and Serre's GAGA, that the algebraic and the analytic de Rham cohomology 
coincide. Equivalently, if $ v denotes the local system of solutions of the dual connection V y an on the dual bundle 
E^ n , integration defines a perfect pairing 

H% R (X;E,V)xH*(X an ,<? v )^C (1.1) 

between algebraic de Rham cohomology and singular homology with values in the local system <=? v . 

If we start with a quasi-projective variety U, which we consider to be compactified by a projective variety X, the 
situation is more complicated. Let D := X \ U denote the complement which we assume to be a normal crossing 
divisor. In Q, R Deligne introduces the condition for a connection to be regular singular along D generalizing the 
well-known property for linear differential operators in one variable (Fuchs condition) and proves the comparison 
isomorphism and hence the perfect duality of (ll.lt under this assumption (| 7 1, Theoreme II. 6. 2). 

In the irregular singular case, the period pairing as in is no longer perfect. The appropriate generalization 
is known in dimension one only (cp. Q). On curves, S. Bloch and H. Esnault define a modified homology, the 
rapid decay homology groups H^ d (X an ;E an , Van) and obtain a perfect duality 

h: ir {U;E,V) x Hf(X an ,E^Xn) - C , 

given by integration. The resulting periods are interesting objects by themselves (the integral representations of the 
classical Bessel-functions, Gamma-function and confluent hypergeometric functions arise in this way as periods 
of irregular singular rank one connections on curves) and are mysteriously related to ramification data for certain 
wildly ramified f-adic sheaves on curves over a finite field (see e.g. |20|). 

In the present paper, we want to start the investigation of the higher-dimensional case by studying the period 
pairing for irregular rank one connections on complex surfaces. We work entirely in the analytic topology, the 
algebraic aspect we originally have in mind will be mirrored by looking at an integrable connection on the smooth 
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analytic manifold X which is meromorphic along the normal crossing divisor D at infinity, i .e. the connection is 
given as 

V:£(*D)->£<8>* z ni| C (*D) , 

where we use the usual notation E(*D) for the sheaf of sections of E meromorphic along D and we skip the 
subscript an in the following. 

Furthermore, we restrict ourselves to the case of line bundles L with irregular singular connections, which 
we assume to be good with respect to the divisor D, which is defined as follows: Consider the formal connection 
L := Leg) &^(*D), where denotes the formal completion of Gx with respect to the stratum Y of D considered, 

namely Y being a smooth component of D or a crossing-point. By a standard argument, L is locally isomorphic 
to the formal completion of a connection of the form e a ®R, with a G Gx(*D) (cp. [ 18|, Proposition III. 2. 2.1), 
where e a denotes the connection on the trivial bundle Gx given by VI = da (such that the local solutions are of 
the form <?"), and R is a regular singular connection. 

Definition 1.1 The connection V is good with respect to D, if its formal completion locally is isomorphic to the 
formal completion of e a ®R with a regular singular R and a local section a £ Gx(*D), such that the divisor (a) 
of a is contained in D and negative. 

We thus exclude examples like a = x l m[ — x 2 2 . Remark, that the definition means that a good connection V 
has a local formal presentation as above, locally at the point x = with coordinates x\,X2 with D = {x\X2 = 0} or 
D = {x\= 0}, such that 

a = jcj x 2 ■ u(x) 

with w(0) 7^ 0. We will always assume this. Note that any rank one connection will become good after a finite 
number of point blow-ups centered at points on D. We will come back to the more general situation (for higher 
rank connections) in a follwing paper. 

We generalize the notion of rapid decay homology groups and prove that the resulting period pairing between 
the meromorphic de Rham cohomology and rapid decay homology is perfect: 

Theorem 1.2 Let L be a line bundle on a smooth projective complex surface X.IfV is an integrable connection 
which is meromorphic along the normal crossing divisor D C X and good with respect to D, the period pairing 

h; ir (X\D;L,V) xH r /(X;L\V) — ► C 

is a perfect duality. 

In dimension one, the Levelt-Turrittin theorem and the theory of Stokes structures allows to reduce the higher 
rank case to the case of irregular singular line bundles (cp. Q). On surfaces, there are analogous partial results 
for higher rank connections due to C. Sabbah, e.g. an analogue to the Levelt-Turrittin theorem in the case of rank 
less than or equal to 5. However, there are subtle differences between the one- and the two-dimensional situation, 
mainly concerning the non-good situation, with interesting consequences regarding the period pairing as well. We 
will come back to this in a subsequent paper. 

Additionally, it turns out to be very difficult to give explicit examples of flat meromorphic connections of 
higher rank due to the integrability condition imposed. Locally, a rank r connection is given by its connection 
matrix A = Aidx\ +A2dx2 with r x r-matrices A, having meromorphic functions as entries. The integrability 
condition reads as 

and it is difficult to find explicit (non-trivial) meromorphic solutions to this equation (cp. the corresponding remark 
in [ 18 1, p. 2). It is however possible to construct higher-rank examples by functoriality (in the category of '3- 
modules), e.g. by pushing forward an irregular singular rank one connection (L, V) on X along some map / : X — > 
Y. The resulting GauB-Manin connection lives on the higher direct image R p f*dR(L, V) of the de Rham complex 
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on X. We will give an example, a two-dimensional generalization of the confluent hypergeometric connection, at 
the end of this introduction, leading to an explicit meromorphic rank 3 connection on P 2 . 

Examples involving line bundles, however, occur in a natural way in the framework of special functions, 
more precisely the higher dimensional generalizations of well-studied special functions, such as the generalized 
hypergeometric s in the sense of Gelfand and Aomoto and their confluent variants (cp. |9|, II 11 >■ For example, 
any closed meromorphic 1-form fflonX with poles along the normal crossing divisor D gives rise to a singular 
connection on the trivial line bundle given by 

V = d + (OA . 

If the 1-form co depends on additional parameters, say z G Z, and if co is closed as a 1-form on the product 
X x Z (and hence induces an integrable connection on the trivial line bundle (?xxz), the resulting periods for the 
relative connection on X satisfy the GauB-Manin connection on Z. Bessel-functions and more generally confluent 
hypergeometric functions occur in this way. We want to illustrate this construction with an example. 



1.1 An example: two-dimensional confluent hypergeometrics 

We fix a, b,c,a G C, with a,b,c Z satisfying a + b + c = — 3, as well as additional parameters x,y. Consider the 
connection on the trivial line bundle G^x on P 2 , which in affine coordinates [1,ki,«2] £ P 2 reads as 

V = d + (— + h ax)du\ + (— + h ay)dii2 ■ 

v «l I+M1+W2 U2 I+U1 + U2 

Solutions are given by the various branches of 

U {u\,U2,x,y) :— u\ ■ u 2 ' (1 + u\ + M2) 6 ■ exp(a(x«i + VM2)) • 

The connection above can be written as V = d + dlog u f/, where dlog u denotes the logarithmic derivation with 
respect to the coordinates u = (111,112), i.e. dlog u t/ = dlog Mi t/afwi + d\og m U du2- 

If we interpret the parameters x,y as coordinates in the affine space and compactify with a projective plane at 
infinity, i.e. we read (x,y) as the point [l,x,y] G P 2 , we obtain an integrable meromorphic connection V on the 
trivial line bundle over P 2 x P 2 , namely in affine coordinates 

V a bs =d + dlog( H x = d + dlog !( f/ + au\dx + au2dy . 

Let D := {uiu 2 = 0} U {1 + u\ + u 2 = 0} U {[0,fi,f 2 ] G P 2 } and X := P 2 \ D. On one-forms, the connection 
V : Cl l x (*D) -> £2|(*£>) reads as V(fdu { + gdu 2 ) = 

, dg df .a c b c . 

= - jr- +8 ■ - + ; - - + ax) -/■(—+ : - - + ay))du , 
au\ 0U2 u\ I+M1 + M2 «2 I+M1 + M2 

where we abbreviate du := du\ Kdu2- We claim, that dimH^ R (X 7 (?x(*D),V) = 3, a basis is given by the de 
Rham classes of du, u\du, U2du. In order to understand this, we consider the following equalities in H^ R : = 
Hj R (X;G x (*D),V). First, we have = V(m 2 (1 +«i +u 2 )dui) = 

= (axu\ + axu\U2 + {ax — (1 +b))ui + (1 +a)u2 + (1 +a))du , (1-2) 

as well as = V(mi (1 + t/i + U2)du2) — 

= -{ayu\ + ayu\U2 + (1 +b)u\ + (ay - (1 +a))u2+(l +b))du . (1.3) 

Additionally, calculating 



Vnocxwi + (1 +a))«2(l + u i + U2)du\ + (ccyu2 + (1 + U\ + ii2)dii2) 



(1.4) 
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induces the following equivalence in H% R : 



l+b , l+a , 
au\U2<iu = u\du H U2UU 

y — x y — x 



(1-5) 



Evaluating higher powers u\u\(l + u\ + U2)dui, i= 1,2, and similar linear combinations as in Jl .4-1 . easily proves 
the claim about Hj R . 
The period pairing 

Hj R {X- X {*D), V) x flf(P 2 ; X {*D), V) - C , 



which we are going to define in the next section, produces the following kind of generalized confluent hypergeo- 
metric functions on X: 

F(x,y)— J u" ■ u\ • (1 + mi + U2Y ■ exp(a(xt<i + yii2))( 



(O 



with (0 being either du, u\du or U2du. How the topological 2-chain c in P 2 has to be chosen, will be the main point 
in the definition of the rapid decay homology H* 1 . 

These confluent hypergeometric functions F again satisfy another partial differential equation, namely the 
GauB-Manin equation on derived from V. The latter is defined as follows. Let Z = P 2 denote the space for the 
parameters (x,y) and let % : X x Z — > Z be the projection. We will keep the affine coordinates u = (u\,U2) for the 
points in X and (x,y) in Z. There is a filtration on ii^xzic §i ven by 



FiYDX 



Now, the associated graded object fulfills gr' = n*Q.' z ^ c ®&xxz\Z' es P ec i a lly g r ° — ^xxz|Z' trie snea f °f relative 
differential forms, on which the original connection V canonically lives. The short exact sequence — > gr — > 
Fil°/Fil 2 — > gr° — > induces the short exact sequence of de Rham complexes 

-> (^ZlZ® &*nl c , V abs ® 1) - (^ZxZ|c/Fil 2 , Vabs) -» (flixzjz, 



,,V)-0. 



(1.6) 



The GauB-Manin connection is by definition the connecting morphism of the associated long exact sequence of 
the higher direct images, in our case Vgm : H% R — > H% R (giSl^jc ( note that H^ R — R 2 n*(Q. XxZ ^ z , V)). Chasing the 
diagram II. 61 gives 

^Gm( m 1 m 2^ m ) = OC^(g)M[ +1 M2^ M + 0£^3"8) M l M 2 +1 ^ M • 

Applying (II. 2> . II. 3> and (II. 5> . we obtain the connection matrix Ogm with respect to the basis du, u\du, U2du of 



H dR : 



( 



1+q 

A 


^ 




f ° 





x(y-x) 


l+b 

y—x 


dx + 





l+b 

y—x 


(!+«)>• 
x(y-*) 


l+a 

y-x J 




I a 


l+a 

y-x 



l+b 

y 

(l+b)x 



a 



dy , 



(1.7) 



being one of the rather rare explicit examples of an integrable higher rank connection on a surface. 

We remark, that there is a theory of generalized confluent hypergeometrics on the space Z, + i „ + i of complex 
(r + 1 ) x (n + 1 ) -matrices of full rank for given 1 < r <n, defined in 1 1 1 1 . The starting point again is a connection 
of the form V = d + dlogf/ for a certain class of multi-valued functions U : P r X Z r+ \ „+\ — * C with well-defined 
logarithmic derivative. Actually, one also fixes a composition A = (1 +Ao, . . . , 1 +A/) of n + 1, i.e. £(1 = n + 1 
and requires for the solutions to be invariant under the left and right action GL,+i (C) x Z r+ \ >n+ i x Hi — > Z,- + i B+ i, 
where i/^ C GL„ + i (C) denotes the subgroups of all block diagonal matrices with / + 1 blocks consisting of upper 
triagonal matrices with the constant entry hf^ along the j-th upper diagonal for i = 0,. (the entry on the 
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1 



main diagonal ^ 0). Our example above corresponds to the choices r = 2, n = 4 and A = (2, 1, 1, 1) and the 
restriction to the subspace of all matrices 

/ 1 1 \ 

e z 3 . 5 , 

i l j 

which parameterize the generic stratum of the double quotient GL^(C)\Z^^/Hx (we refer to fTTI and |9| for 
further details). 

The paper is organized as follows. In section 2, we define the rapid decay homology groups for line bundles on X 
and its pairing with the meromorphic de Rham cohomology. Afterwards, we reduce the problem of perfectness of 
the pairing to local questions according to the canonical stratification of the normal crossing divisor D into crossing 
points and smooth components. Perfectness of the resulting local pairings is proved in several steps in section 4, 
completing the proof of the main theorem. 



2 Rapid decay homology and the pairing with de Rham cohomology 
2.1 Rapid decay homology 

Let X be a n-dimensional smooth projective complex manifold and D C X a divisor with normal crossings (i.e. in 
suitable local coordinates zi,... ,z n it is of the form D = {z\ ■ ■ -Zk = 0} for some 1 < k < n — such coordinates 
will be called good w.r.t D). We further consider a line bundle L over X together with an integrable meromorphic 
connection on X \D with possibly irregular singularities at D. In the usual notation L(*D) for the sheaf of local 
sections in L meromorphic along D, the connection then reads as V : L(*D) — > L <E> Q. 1 (*D). The rank one local 
system of horizontal sections in L on the complement U := X \D will be denoted by 

Jf:=isst(L\u^L\v®al;)cL\v ■ 

The dual connection V v on L v is characterized by d < e, (p >—< We, (p > + < e, V v <p > for local sections e of L 
and <p of L v . Let «5f v denote the corresponding local system. 

We assume that the complement U :—X\D is Stein, which we can always obtain by joining additional hyper- 
surfaces, where the connection is not singular at all, to D. These do not affect our procedure. Then the de Rham 
cohomology is given by the cohomology of the global sections in U, i.e. 

H% R (y;L(*D),V) =HP{...^T(L®Q. q {*D)) ^T(L®Q. l i + \*D)) ->...) . 

The homology we are going to define will be a generalization of the usual notion of singular homology with 
coefficients in a local system "V , where one considers chain complexes built from pairs of a topological chain 
together with an element of the stalk of at the barycentre of the chain. In our situation, we will have to allow 
the topological chains to be able to meet the divisor D, where the local system Jz? := (L\u) V is n °t defined. To this 
end, we will make the following definition: 

Definition 2.1 For any x G X, we define the stalk J£ x of j£f to be the usual stalk of Jz? if x GU and to be the 
coinvariants 

J% := ^y)n,(v, y ) ■= ^y/{v-av I v e & y ,a e «i(U,y)} forx G D , 

where y G £/ is any point near x G D and we are taking coinvariants w.r.t. the local monodromy action 7t\ [U,y) — » 
Aut(jS^). 

Now, we can define the notion of rapidly decaying topological chains in analogy to the definition by S. Bloch 
and H. Esnault in |3 1 on curves. In the following, we denote by A p the standard p-simplex with barycentre b G A p 
and we call a function / : Y — > C from any subset Y C U of the open complex manifold U analytic, if it is the 
restriction of an analytic function on an open neighborhood of Y. 
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Definition 2.2 A rapid decay /?-chain is a pair (c,e) consisting of a continuous map c : A p — ► X, such that the 
pre-image c~ l (D) is a union of complete subsimplices of ' A p , and an element £ G ^ c {b)- tf c (A p ) <t- A we require 
that £ G ^£ c {b) G L c (£) is rapidly decaying in the following sense: 

For any y G c(A p ) (1 D, let e denote a local trivialization ofL{*D) and zi , . . . ,z n local coordinates at y such that 
locally D — {z\ ■ ■ -Zk = 0} an<f f/zaf f/ze coordinates of y fulfill y\ = . . . = y^ = 0. W/f/z respect to the trivialization 
e ofL restricted to U, £ becomes an analytic function 

f:=e*e:c(A p )\D^C, ( Zl , . . . ,z n ) ~ /(z) . 

We require that this function has rapid decay at y, i.e. that for all N G N k there is a Cn > smc/z f/iaf 

|/(z)|<CAHzi^---k*r< 

for all z G c(A / ')\D w/f/z small \z\ |, . . . , |zt|. 

We stress that we do not impose any decay condition on pairs (c, e) with c(A p ) C D; nevertheless we call those 
pairs rapidly decaying as well. 

Now, let SpX be the free vector-space over all singular chains A p — > X meeting D only in full subsimplices and 
let Jfp d (X;L) be the C-vector space of all maps 

y : Sf,X - □ J2f„ 

such that 1/a(c) = for all but finitely many c and that (c, y/(c)) has rapid decay. We will write c®£6 J^ p rd (X;L) 
for the element y/ which takes the value e at c and zero otherwise. We remark that any element of J%7 d (X;L) can 
be written as a finite sum Y!i=\ c i ® £ i- The notation ® is justified by the fact, that it is linear in each of the entries. 
There is a natural boundary map d : J^p d (X;L) — > J( r p rd l (X;L), c^£n ^j(~^V c j^ e j> where the sum runs over 
the faces cj of c and the elements £y in the stalk of ££ at c(fcy), with bj being the barycentre of the / h face of A p , 
are given as follows: 

i) if c(bj) g" D, there is a unique homotopy class of paths from c(b) to c(bj) (e.g. induced by the line [b, bj] in 
A p ) and £j is defined as the analytic continuation along a representative. 

ii) if c(bj) G D, we just define £j to be the element represented by e in the corresponding stalk of coinvariants 
under monodromy. 

It can be easily seen, that d o d = and that d respects the support of the chains, so that we can define the rapid 
decay homology as follows: 

Definition 2.3 For C Z C Y C X, put 

tf r p d {Y,Z;L) := ^™ '\L) / j^rd (Z;L) + ^( Dn y ; L) Maf/ve ve™j 

W ^ d (Y;L) := ^ d (Y,(d;L) for the absolute version. The rapid decay homology is defined as the homology of 
the corresponding complexes and denoted by H p d (Y,Z;L) and H rd (Y\L) respectively. 

Note that we have moduled out the chains that are mapped completely into D as they will not play any role in 
the pairing with meromorphic differential forms as described below. Nevertheless, one has to include them a priori 
into the definition of rapid decay chains in order to be able to define the boundary map d. We also include L into 
the notation to remind that the rd-homology does not depend on the local system alone, but on the connection. 
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2.2 The pairing and statement of the main result 

Now, if we have a rapidly decaying chain c ® £ £ < Top d {X;L y ) in the dual bundle (with the dual connection) and a 
meromorphic p-form CO £ L ® £2 P (*D), then the integral / c < e , CO > converges because the rapid decay of e along 
c annihilates the moderate growth of the meromorphic CO. Let c t denote the topological chain one gets by cutting 
off a small tubular neighborhood with radius t around the boundary dA 1 ' from the given topological chain c. Then, 
for c Cg) e £ ^p d (X;L y ) and 77 £ L ® Q. p ~ l {*D) a meromorphic p — 1-form, we have the 'limit Stokes formula' 

J < e,V?7 >=\imj < e.yr\ >=\imj <e,r]>= J <e,Tj> 

c c, dc, dc-D 

where in the last step we used that by the given growth/decay conditions the integral over the faces of dc t 'con- 
verging' against the faces of dc contained in D vanishes. 

The limit Stokes formula easily shows in the standard way that integrating a closed differential form over a 
given rd-cycle (i.e. with vanishing boundary value) only depends on the de Rham class of the differential form and 
the rd-homology class of the cycle. Thus, we have: 

Proposition 2.4 Integration induces a well defined bilinear pairing 

H* R (U;L(*D)y)xH r p d (X;L v )^C, ([fl»],[c®e]) h-> /"<<»,£>, (2.1) 

c 

which we call the period pairing of(L, V). 
Our main result is the following 

Theorem 2.5 On a complex surface X, the period pairing is perfect for any irregular singular line bundle which 
is good with respect to D. 

Remark, that for dim(X) = 1 (and arbitrary rank) the perfectness was proved by S. Bloch and H. Esnault |3| (in 
the one-dimensional case every line bundle is good). The case of arbitrary dimension dim(X) > 2 is not known in 
general. 

2.3 The irregularity pairing 

Let j : U := X\D X denote the inclusion. In addition to the de Rham cohomology H* IR {U;L(*D)) of mero- 
morphic sections, we will also have to consider the de Rham cohomology over U allowing essential singularities 
as well. We will denote the corresponding sheaves by 

imero := L(*D) and L ess := j*(L\ v ) . 

Note, that the de Rham cohomology of the connection induced on L ess pairs classically with the singular homology 
H*{U;J£ V ) of U with coefficients in the restricted local system Jz? v |[/. Let C*(£/;Jz? v ) denote the corresponding 
singular chain complex. Consider the short exact sequence of de Rham complexes on X: 

— > DR(L mero ) — » DR(L ess ) — » DR(iess/ Lmei . o ) — » 

as well as the following sequence of complexes of abelian groups 

— » C*(f/;^ v ) — > c ^ d (X;L v ) — > <iff(X,U;L v ) — > , 
whose exactness is obvious. 
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Now, for ft) £ Z| ss with V© £ Lg+J, and c®£ £ ^^X) with 5c £ C p (X^D) +C p (D), we define 

< [o)],[c®e] >:= / <e,Vft)>- / <£,<»> . 

This gives a well-defined pairing Hj R (^eaa / L mero ) x H rd +l {X ,U) — > C, which fits into the long exact sequences 
induced: 

H r p d +l (X;LV) -> //^ +1 (X,f/;L v ) - H p (U;^) - <(X;L V ) 

We want to fix the given connection (L(*D), V) and drop L v and Jz? v in the notation of the rd-homology groups 
from now on. We will refer to the pairing above as the irregularity pairing. Note, that the de Rham complex of 
^ess / 'L mer o coincides up to a shift of degrees with the irregularity complex introduced by Z. Mebkhout (cp. I17I V 

3 Localization according to stratification of the divisor 

From now on, we concentrate on the case dim(X) = 2. In this section, we want to reduce the question of perfectness 
of the irregularity pairing in two steps. The first one, being rather standard, reduces to the local situation according 
to an open covering of the divisor. This leaves us with the task to study two different local situations, namely with 
D being of the form D = {x\ = 0} or D = {xjx? = 0} in suitable local coordinates. In order to understand the 
situation at a crossing point, we will further split the pairing into one concentrating at the crossing point and one 
determining the contribution of the connection along the two local components meeting at 0. 

If °M denotes an open covering of X, we have two cohomological spectral sequences, the first one considered 
being 

B^=ff'(*,j^(Wi«J) ^*5F(*Wi«J - 

where J^(^ess / X mero ) denotes the presheaf U' i— » Hj R (U' ,^ess / L me ro)- ^ n trie same wa Y> one nas a homological 
spectral sequence involving the sheafified rapid decay complex To define the latter, we contruct the sheaf tf*, 
of rapid decay cochains as the sheaf associated to the presheaf U' >— > Hom(^ d [U 1 ,U' \D,D) ,C) and let 

be its dual sheaf. We consider the dual (cohomological) spectral sequence 

E™ = H p (W,tf;y => H r p d +q {X,X^D;DY . 

Obviously, the pairing above induces a morphism between these two spectral sequences. In order to prove perfect- 
ness of (12. 1> . we therefore can do so for the local situation, i.e. a suitable open covering. For small enough open 
U' , we thus have to consider two cases, the one at a crossing point and the one at a smooth point of D. Thus, we 
can assume, that X is a small bi-disc X = A = fl 2 xD 2 cC 2 and D reads as either the smooth divisor D — {x\ =0} 
or the union of two coordinate planes D — {x\X2 — 0} with crossing point (0,0). 

3.1 Distinguishing the contribution of the local strata 
3.1.1 The local (co-)nomology groups at a crossing-point 

We consider the second case from above, i.e. X = A a small bi-disc around the crossing-point G D = {x\X2 — 0} in 
suitable local coordinates. We write D = D\ UD2 for the two local components, D v = {x v = 0}. Let j v : A\D V — > A 
denote the inclusion for v = 1,2. We will write Ly for the subsheaf of Le SS := ^ess ® Q p defined as 




l4:=jv*f v (L(*D)®aP) , 
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so that a local section u of L' v is an analytic p-form with values in L defined on the complement of D, which is 
meromorphic along D^ v \ and arbitrary along D v . One might think of the function 1 /zi ■ exp(l /zi) as a typical 
example of an element in L®. The given connection V, being meromorphic, obviously carries lf v to Ly +1 and 
therefore gives the following complex of sheaves on A: 

DR(L V ): 0^Ll^...^L p v ^L? +l . 

In the same way, we write Lmero : = ^mero ®QP. Now L x DL 2 = Lmem ar, d we have the following short exact 
sequence 

- DR(L ess / Ll +Ll ) ^ DR(i ess / imero ) «- DR(Ii/ V ffi^/ U ) - 

of complexes of sheaves supported on D, where the map at the right is given by [t]i] + [172] 1— ► [fji + r \2\- It gives 
rise to the long exact cohomology sequence 

...^H>; R \U SS / Ll +L2 )^HZ R \L ess / Lme J «_ H^(L i/Lme J «_ ... (3.1) 

(=1,2 

which is the long exact sequence we are going to pair with the corresponding sequence of rapid decay homology. 

As for the rapid decay homology groups, an easy argument using the subdivision morphism shows that ^ re '(A\ 
D x ) + ^f(A\D 2 ) = ^f'(A\0) and <^(A\Di) r\^f(A\D 2 ) = ^ d {V\D). It follows that the foUowing 
sequence is exact: 

^ d (A,A\D;D) -> ^ d (A, A\Df,D) -» ^(A, A\0;D) -» . 
i=l,2 

Here the first map is given by [a] 1— > [a] + [a] and the second one by [a] + [j3] 1— * [a — J3]. The corresponding long 
exact homology sequence reads as 

••• - * #p'(A,A\D;D) — » 0//; / (A,A\D,;£')^//; / (A,A\O;D)^... (3.2) 

i=i,2 

The members of the latter may be rewritten in the following form, where we retract A\D V to the boundary dV v of 
a small tubular neighborhood V v of D v , i.e. if A reads as the product of two disc A = D 2 x D 2 in local coordinates, 
dVi will be dV\ = S l x D 2 . 

Lemma 3.1 There are natural isomorphisms H^(A, A\D V ;D) = W d (V v ,dV v ;D) for v = 1,2 and Hp d (A,A\ 
Q;D)^H' d (A,dA;D). 

Proof: This follows easily by excision with the help of the subdivision morphism, subd ~ id, on the complex of 
rapidly decaying cycles, as well as the observation that one can chose retracts of e.g. A\D V to the boundary dV v 
respecting the rapid decay condition on the cycles c e. 

□ 

With these isomorphisms, the exact sequence (13.21 reads as 

...^//;'(A,A\D;D)^ ($H; d (V u dV,;D)^H r p d (A,dA;D)^... (3.3) 

i=i,2 

Our aim in this section is to define a pairing between the long exact sequences J3 - 1 1 and (13.31 . that is a bilinear 
pairing of their members, such that the obvious diagrams all commute. 
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3.1.2 Definition of the pairings 

In perfect analogy to the case of the complex DR(L ess ) itself, one defines for given 

i) COGL^withVfflGLg+o and ii) c® e e <£ rd {Vi) with dc e <g rd {dV{) + tf rd {D): 

<a),c®£>:= J <£,Vco>- J <e,co> . (3.4) 

c dc-D { 

We remark, that the first integral exists, as Va) G Lmtro is meromorphic along D and therefore pairs with the rapidly 
decaying c (g> e. In the same way the second integral converges, because co G L p is meromorphic along D2 — and 
£ decreases rapidly as dc — D possibly approaches D2. 

Again, by using the limit-Stokes formula, one easily observes that (13.41 induces a well-defined pairing H% R (Lv j 
^mero) x ^p+i(^v,dV v ;D) — ► C, which fits into the long exact sequence: 

■ ■■^H^\L mao ) - H? R (L v / Lme J «- _ //^(L mero ) <-... 

Returning to the long exact sequences d3.lt and J3.3I . which we want to relate to each other, we now prove 
compatibility of the pairings defined so far: 

Lemma 3.2 The maps 

H!l R ( L ^/L meIO ) <- ^( L '/imero)©^( L2 /i m ero) 

H rd +1 (A,A\D;D) — > ^(Vi^Vi-.Di)©^^,^;^) 
are compatible with the pairings between the groups in the columns of the above diagram. 

Proof: Suppose we have 77 v € I? v with V?7 G Lg+J, and c®£ G ^j(A) with <?(c® e) G ^ d (A\D) + ^ d (D). 
Now, we can assume (by subdivision) that the topological chain c decomposes as a sum c = c\ + C2, such that 
c v <g>£ G "^^(Vv^VvSD) with vanishing d(c v <g e) (mod ^ d (dV v ) +^ d (D)). Restricting the section £ of «5f v 
to c v does not affect its rapid decay properties. 

The diagram above reads as [t]\ + 772] <— [tJi] + [1J2] in the top row and [c ® e] 1— > [ci <& e] + [c2 ® e] in the bottom 
row and we have to prove that < [77 1 + 172], [c <8> e] >=< [fji], [ci (g> e] > + < [772] , [q <S> e] >■ Now, we consider 
the decomposition c = c\ +C2 and observe, that C2 HD\ = 0, the section £ is rapidly decreasing as C2 possibly 
approaches D2 and that r\\ G L' J is meromorphic along D2 — 0, so that we can apply the 'limit Stokes formula' and 
obtain 

< £,VT7i > / < £,VTJi >= / < £,V77! > - / <£,VTJi>. 



c dc-D ci dci-D 

The same argument applies to ci, v\2 instead of c\ , T71 proving the assertion. 

□ 

In the next step, we define a pairing H p jR l (Less/ 'l 1 -\-L 2 ) x Hp+ii^, dA;D) — > C. To this end, let there be given 

i) CO G Less ' with Va) =: Tji + tj 2 G Ll+L'2 and 

ii) c<8>£ G ^j(A) with d{c® e) G <tf£ d (dA)+^ d {D). 

We have <9A = <9Vi U dV^- By subdivision we can decompose c as the sum c = c\ + C2 with dc v n <9A C <3V V - With 
these choices, we define a(f]\ , fj2,ci <g> £,C2 <8> e) := 

:= L {-\y + \j <e,Vr\i>- j <e ! T Ji >)+ | <£,«>. (3.5) 

!=1 ' 2 c; 3c,n5A-D (5((5c 1 nac 2 )--D 

A few words should be said about this definition: 
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i) Integrability of V ensures that = Wo) = V771 + V772 and therefore Vr] x = -Vr/ 2 G if 1 nlf 1 = L&ero- 
This shows convergence of the first and third integral in J3.5I . as e is rapidly decaying. 

ii) Tjy S Ly is meromorphic along \ and therefore < e, rj v > can be integrated over the chain dc v not 
meeting D v , hence the second and fourth integral in J3.5I converge. 

iii) dc\ n <9c2 consist of the subsimplices that arose in the chosen decomposition of c = c\ + which we equip 
with the orientation induced from c\. These simplices are either fully contained in A\D or in D. In the 
last integral in J3.5i we integrate over the first type completely contained in A\D, hence the integral is 
well-defined. 

Lemma 3.3 Mapping ([©], [c<8>£]) >— > 0£(T}i,T}2,ci<g>£,e2<8> e) gives a well-defined pairing 

'(WA +^ 2 ) x H&^dkD) -> C . 

Proof: Let a := 01(771, 772, ci ® e,C2 0e) and let Cj,c, denote the simplices if we cut off a small tube of radius t 
from D, so that c\ converges to c; for f — » 0. Then a is the limit t — > of the sum of the integrals as in ( 13. 5> the 
cut-off c\ instead of c\. We decompose dc\ = yf + V- + C', where C <3A, £ f denotes the simplices of dc\ n dc' 2 
not running completely into D and V- the simplices of dc\ running completely into D for t — > 0, all of them taken 
with their natural orientations induced from c (especially £' carries different orientations viewed as part of c\ or 
c' 2 ). The simplices of <9£' = again decompose into those contained in A\D for all t and those running into D. The 
first type will be denoted by "f , the second type by V*. Applying the usual Stokes formula to the integrals over c\ 
gives 

J<Vrii,£>- J <tji,£>= J <7]i,e>+(-iy J <Tji,e> , 



and a = lim,^o(./ v ; < ?7 1 , e > — J v r < T72 , e > + J^r < 77 1 + 772,£> + ./ r r<(B,e>). Now, 771 + 772 = Va> and the Stokes 
formula gives 

a = lim( J < Tji,e > — J <T] 2 ,£ > + J <co,£>) . 



(3.6) 



With this presentation of a independence of the choices made is easily shown. If e.g. V© = 771 + 772 = 7j( + 772 are 
two different choices, it follows that rji — rj[ — r]^ — Tj2 ^ DLZ = £mero> an d hence the rapid decay of e implies 
that J v t < 77, - 77/, £ >= 0. 

If (0 = OmodLi +L2, say 0) = 0)i + (O2 G Lj 1 +L~~ ] one can take 77, := Vo), and obtains that a = 0, since 
dVj consists of v' and some simplices running into D\0, let us denote them by jj.' . Then 

lim / < Vcoi ,e>= lim( / < (D\.£> + I <a)i,e>)=lim/ <o>i,e>, 

t^OJ t^O J J r->0j 

vj v' ^' v f 

the last equality following from the rapid decay of £ and the at worst meromorphic behavior of a>i in the limit 
process involved. Taking care of the orientations (that are all induced by the one of c) gives that a — in this case. 
The cases CO = Vi2 or the corresponding cases to show independence of the choices of the rapid decay chains are 
similar and omitted here. 

□ 



3.1.3 Compatibility with the long exact sequences 



We now want to show that the pairings defined in the last section commute with the mappings of the long exact 
sequences J3 - 1 1 and (13.31 . The first step toward this has already been done in Lemma l3~2l 
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First, we take a more precise look at the rd-homology sequence ( 13 . 31 . In it we find the following mapping, the 
first row of the diagram: 

H; d +l (Vi,dVi;D) © H; d +1 (V 2 ,dV 2 ;D) — » H r p d +l (A,dA;D) 

T= t— T— 

ff^^AvDi;/)!) © H rd +l (A,A\D 2 ;D 2 ) — > //;^(A,A\0;D) ■ (3 ' 7) 

[ciigiei] + [c 2 ®£2] i-> [ci ®£i] - [e 2 ®e 2 ] 

The vertical mapping at the right hand side is defined by ' capping off at d A' . More precisely, let c ® e 6 < a?T^ j (A) . 
By subdivision, we can decompose the topological chain c into a sum c = c + y such that c = c n A and we have 

jrd f A A^ fl- _zl J-fd I \ JA. n\ ^ A7i el ^ el Mm,, o,,i-.r^oo ,™ o a T P~ l 



H p+l (A,A\0;D) — » H p+l {A,dA;D), [c®e] >— > [c®£]. Now suppose we have a co G L£ ss with Va) = Tji + 772 G 
Lf +Z| (and therefore also Vt7j = -V772 G Z&ao) and c v e v G (V v ) with <9(c v <g> e v ) G ^(dV v ) + ^ d {D). 
We decompose c v = c v + y v as before. Then y v nfl^y = and the 'limit Stokes formula' 

J <ei,Vrj! >=-/ <£i,Vtj 2 >=- / <£i,rj 2 > 



tells us that 



/ 



<£v,Vtj v >- / <e v ,r/ v >= / <£v,Vtj v >- / <£ v ,rj v > • (3.8) 

Cv dc v —D v c v dc v —D v 

Lemma 3.4 The maps in the diagram 

^( Ll /imero)©^( L2 Amero) — ^(Wl-l 

^(Vl.aVuDiJe^!^,^;^) — > H' p+l (A,dA\D) 
are compatible with the given pairings. 

Proof: With the notation introduced right above the lemma, the diagram maps the given elements as [t]i] + [772] <— 
[co] and [ci ®£i] + [c2®£2] i-> [ci <g> £1] - [c2®£2]- The desired equation < [co], [ci ®£i] > - < [©] , [ca © £2] >=< 
[771 ] , [ci ® £1] > + < [772] , [c 2 <8> £2] > follows directly from the definitions using ( 13 .81 . 

□ 

It remains to prove 

Lemma 3.5 The maps in the diagram 

h^ r \^/l 1+ l 2 ) — fl^^/U 

H rd +l {A,dA-D) — > H rd (A,A\D;D) 
are compatible with the given pairings. 

Proof: We compute the connecting morphism y in the long exact sequence induced by 

-» ^'(A,A\D;D) -» <^(A, A\D,;D) -> ^(A,A\0;D) -> . 
1=1,2 

If we write (^ v ) p := <^(A\D V ) + c £' p d (D) and <*f p := <*f ; f (A), we have ^(A\0) + ^ rf (D) = («i ) p + (tf 2 ) p 
and ^(A\D) + ^ d (D) = ) p n (^2) P - Therefore the homological yoga to determine \j/([c ® £]) for a given 
chain £ G with <9(c®£) G + c to 2 ) P -\ reads: 

(^) p ®(^M)p - (Vvi+vtip ^° 
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where c ® e makes its way through this diagram as follows (to be read from the upper right to the lower left corner): 

0+[-c®e] i y [c®e] 

4 I (3.9) 

[-d( Cl ®e)] h-> [-5(ci®e)] + [-5(ci®e)] h-> 0. 

Here we decomposed the topological chain c € C p (A) into the sum c = c\ + c 2 with <9c v C A\D V . It follows, that 
0+[-d(c <g> e)] = [-<9(ci ® e)] + [-d(ci ® e)] e /%)p-i © MW 

Now, let © G Less 1 be given such that V© e Lmero- To keep notation, we let 771 := V© e Lmero C L^. Suppose 
we started in (13.91 above with c ® e <E c € r p d {A) such that <9c C (5 A) + ^ d t (D). Then we have to consider the 
diagram 

H>; R \Uss/ L{+Ll ) <- ff^ess/^ero) M - M 

X X 

H rd +l {A,dA;D) -> H' p d (A,A\D;D) [c®e] i-> [-d(ci ®e)] . 

Starting with the left hand side we obtain 

<[fi)],[c®e]>=a(7ji,0,ci(8e,C2®e) = - ^ < e, r/i > + ^ < e,© >=< d(ci ®e)] > , 
which is the right hand side. 

□ 

3.2 The Localization Lemma 

In the section above, we have constructed a pairing between the long exact sequences ( 13. U and ( 13. 3> . It fol- 
lows, that in order to prove perfectness of the irregularity pairing, it suffices to do so for H% R (Less / ^ -f L 2 ) x 
H^ x {A,dA;D) - C wi H& 1 (Lv / l^J x H; d +l (V v ,dV v ;D v ) - C. 
Now, consider the short exact sequence of de Rham complexes 

<- DR(ie SS / Ll +L2 ) <- DR(iess/ L2 ) <- DR^/O - (3.10) 

where the mapping is defined via the isomorphism L\ /^ ero ^> L[ + L 2 JjP, which follows from lf x n L 2 = Lmero ■ 
In the same manner we have a short exact sequence of complexes of rd-chains: 



(Ax.D2,A\D;D) ->^(A,A\Z)i;Z)) ->«f(A,A\0;fl)->0. (3.11) 



Excision and retraction to the boundary again induces a natural isomorphism H p d (A\D2, A\D;D) = H p d (Vi \ 
D2,dV\\D). Again, for given 

i) © € Less with V© e L 2 and 

ii) c ® e e \L> 2 ) with <5c e C p _i (dV { \L> 2 ) + C P -\(D). 
we define 

< rtol , fc <8> el >:= / < e,V© > - / <e,©> 



dci-D, 



where the first integral exists, because c does not intersect D 2 and V© is meromorphic along D\, and the second 
one does, as dc — D\ lies in X\D. With the same arguments already used several times above one shows that this 
gives indeed a well-defined pairing of the long exact sequences corresponding to (13 . 1 01 and (I3.1H . 
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We have thus reduced the problem of perfectness of the period pairing at a crossing-point to the perfectness 
of a pairing involving (co-)homology groups supported at the crossing-point and a pairing involving groups 
supported on the complement D\{0}. Together with the considerations at the beginning of this section, we have 
now achieved the Localization Lemma, which we will state using the following notion: 

Definition 3.6 We say that the rank 1 connection (L, V) on X, singular along D, satisfies local perfectness, 

there is an open covering % of the tubular neighborhood V of D consisting of small enough bi-discs A, such that 
the following holds: 

i) for each local situation D = D\ = {x\ = 0} C A, the pairing 

H^ 1 (A'Mss / Lmem ) x H' p d (A,A\Di;Di) — ► C is perfect, and 

ii) for each local situation D = {x\xi = 0} C A, the pairings 

H p d - l (A-Ms/ Lv ) x//^(A\D^ v ,A\D;D) C , 

(v =1,2), and 

H» R \A-Uss/ Ll +L 2 ) x< +1 (A,A\D;D) -C , 

are perfect. 

Lemma 3.7 Let X be of dimension dim(X) = 2 and (L, V) be an integrable meromorphic rank 1 connection on X 
with singularities along the normal crossing divisor D. Then the period pairing Hj R (U;L(*D) 7 V) x H^(X;L V ) — > 
C is perfect if and only if(L,V) satisfies local perfectness. 

4 Local perfectness 

In any of the local situations above, consider the formal connection L:= L® t?^(*D), where denotes the 
formal completion of 0x with respect to the stratum Y of D considered, namely Y being a smooth component of 
Dora crossing-point. By assumption (Definition ! l.lL L\a is isomorphic to the formal completion of a connection 
of the form e a ®R, with a(x) := x x m x 2 2 u(x) such that h(0) ^ and R a regular singular connection. It follows 
that (L, V)|a itself is isomorphic to e a ®R (since L®e~ a is necessarily regular singular). 

4.1 Local pairing supported on a crossing-point 

We consider the local situation ii) of Definition l3.6l i.e. A is a small bi-disc around the crossing-point £ D. 
4.1.1 Local rd-homology 

We introduce the following notions (after chosing fixed local coordinates) in the situation of a connection of the 
form e a ® R with a(x) : = x^" n x^" 12 u{x) with u(Q) ^ and R a regular singular connection. 

Definition 4.1 The Stokes directions of e a ®RatO are the elements of 

E := I -mi* -m 2 tf2 + arg( M (0)) e (|, ^)} C ^'(0) =S l xS l . 

The Stokes bisectors are the bisectors 6 := U^^JeZo R+eilS> x K+e' 152 C C 2 . 

We now calculate the local rapid decay homology groups at a crossing point. In the following, we will abbreviate 
Hl d (Y, d) := Hl d {Y, dY;L) and in the same way for the rapid decay chains ^ d (Y, d) for any Y C A. 
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Proposition 4.2 In the situation above, we have 

H?(A,d) ^#*(An6 ,dAUD) , 
where the right hand side denotes the usual singular homology group. 
Proof: We first observe, that we have a natural homomorphism 

H*(rn6 ,druD)— ►Hj 4 (r s d) (4.1) 

for any FcA, since e a is rapidly decaying along any simplex contained in the Stokes region. We claim, that this 
is an isomorphism for Y = A. 

Now, both sides of the morphism ( 14. li can be embedded in Mayer- Vietoris sequences by decomposing A into 
bisectors in as follows. Let Ai = |J"=i S(Vi) and A2 = UJ=i ^(M;) t> e a decomposition of the disc into closed sectors 
S(vi) and S([lj), where the v, and jij are intervals in S 1 , cyclically ordered, such that U" = i v i = S 1 = U?=i We 
denote by 

[0, Pi+ i] := := S(Vi) nS(v i+ i) and [O.^+i] := fc,+i := nS(/i/+i) 

the common lines of two consecutive sectors. We assume that the intersection (Vj x jij) n 60 is either empty 
or connected. The decomposition A = [f/LiAi x S(jlj) =: \Jf = iZj gives rise to the following Mayer- Vietoris 
sequence with Z, ; - := Z; DZf. 

m 

- < rf (A, <?) - ©K'(Z^) - < d {Zij,d) «-.... 

7=1 \<i<j<m 

Because of Z,-;* = Ai x (5(/X,) nS(Hj) nS(jUfc)) = Ai xOcfl, this sequences reduces to a short exact sequence 
(recall that in the definition of the rapid decaying chains, we have moduled out all chains contained in D) and we 
obtain the following long exact sequence of rapid decay homology groups: 

m 

...^ H ;f +l (A,d)^ H: d {Z ih d)^®H: d {Z u d)^K d {K,d)^ ... (4.2) 
1 <i<j<m (=1 

The same holds for the left hand side of (14. li and thus (14. 1> induces a natural morphism between these long exact 
sequences. 

In a similar way, we fix j and consider the decomposition of Ai x S(jJ.) := Z := Zj according to the decompo- 
sition of Ai from above: 

n 

Z = Ai xS(ji)=\JS(yi)xS(ji). 

(=1 

Let B, := S'(Vj) x 5(jtt). The analogous Mayer- Vietoris sequence of the ^"^-groups is again short exact (as B,-^ := 
BjP\Bj HBk C D) and therefore gives rise to the following exact Mayer- Vietoris sequence: 

m 

...-/^(Z.d)- H rd {B ik ,d)^®H rd {B u d)^H*{Z,d)^... , (4.3) 

l<i<k<n i=l 

together with a map form the corresponding MV-sequence for //* (Z R 60, <?Z UD). Observe that 

_ J 0x5(fi)cO for |j — fe| > 2 J AixOcZ) for|/-j|>2 

~ \ A i+1 x S(/i) for Jt = i+ 1 y ~ \ Ai x Ki for j = i+l ' 

We keep j fixed and decompose Aj x K = [JF=i S(v,) x K f° r K = K;. This leads to the Mayer- Vietoris sequence 

m 

...^H^(Z u+u d)^ H?(C u ,d,D)^®H?(C k ,d)^... (4.4) 

l<k<l<n jfc=l 
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, Ox re CD forlfc — l\>2 ^ ... . . 

where Q := S(Vk) x K and thus Q; := Q DQ — < > „ . The similar assertion holds tor 

1 Ak x fc tor I = k — I 



the left hand side of d4.lt . The proposition now follows from the following lemma: 
Lemma 4.3 There are natural isomorphisms 

i) H rd {XxK,d) -> #*((A x K-)n6 ,5(A x Jc)UD) ant/ 

ii) H r *{S{v) XK,d) -> ff*((S(v)xJc)n6 ,5(5(v)xJc)UD). 

Proof: Recall that (L, V) ^e a <g)R for some a = jc^'xj '" 2 m(x) with w(0,0) ^ . We start with the proof for i). 
We claim, that if A x K <j£ So, then there is no rapidly decaying chain c ® e approaching inside A x ?c, which is 
not entirely contained in D. For, let I — [Oje"* 1 ] and K = [Oje" 52 ] and suppose that e = e a ^ is rapidly decaying as 
x varies in c, it follows that 

exp(|x 1 |- m i|x 2 |-" 1 2-|MW|-cos(-m ll ?i-m 2l 32 + arg( M (x)))) <C N m\ Xi \ n \x z \ m 

for x € c. But then —m\d-\ — ni2'&2 + &g(u(x)) G (n/2,3n/2) for x small enough and therefore (#i , #2) £ Eo an d, 
because of the properties of the chosen decomposition with respect to the Stokes bisectors, finally (#1 , $2) £ E), 
thus A x fc C So. For A x fc C ©0, however, the assertion is clear. 

In order to prove part ii), consider (5(v) X Jc) n So, which is either empty or connected by assumption. Let 
v =: [| , 4 '] C S 1 and let £ be the direction of the line K, i.e. K = [0, e i! =] C C. Then (5( v) x jc) n 60 is the union of 
the radii with directions contained in (v x {£}) nEo C S l x S 1 , with Eo being the Stokes directions. Let p be the 
interval p := v (~l Eo. If p is empty or p = v the assertion is clear. Otherwise, assume that p = [£, , 77] C , ^ '] = v. 
Let A be the radius with direction | , so that we now have A X JC C So- If ft: [0, l]x(vx{£})^(vx{£}) denotes 
the linear retraction of v to {£}, i.e. h(t, (x, £)) = ((1 — f)jc + f£, £), then 

: [0, 1] x (S(v) x ic)-» (5(V) x tc) , (f, (ne*/^)) -> (r^*^,^) 

retracts S(v) x ff to A x K C So- We claim, that H preserves the rapid decay condition. To prove this, consider a 
curve 7 : [0, 1] — > 5(v) x k - with 7~' (D) = 0, such that e = e a W is rapidly decaying along 7. We have to show that 
£ then is rapidly decaying along all the curves H(t, .) o 7, f G [0,1]. Let 7(5) = (ri (s)e' e ^,r2(.s)e^). From the rapid 
decay of £ along 7, it is clear that the direction of 7 at the point 7(0) G D is in the closure of the Stokes-directions, 
i.e. (0(0), £) G E(). But then, the direction of the transposed curve H (t,.) 07 at the point //(f, 7(0)) by construction 
lies in Eo, whence £ is rapidly decaying along this curve. Thus, H induces isomorphisms 

K d {S{v) x K,d)^H?{X x K,d) =H*((X x K)n&o,d) SiH*((S{v) x fc)nS ,<3) - 

□ 

The proposition now follows immediately using the 5-lemma applied to the morphism ( 14. 1> induces on the 
various Mayer- Vietoris sequences above I4.2> - J4.4» . 

□ 

Computing the singular homology groups appearing in the proposition, we obtain the following 
Theorem 4.4 For a rank 1 connection L with formal model e a ®R, we have 

for * = 1 or * > 4 



dimH: d (A,d) = 



(mx^mj) for *=2or3, 



where a — x 1 m> x 2 ™ 2 • u a (x) with u a (0) ^ and (m,n) denotes the greatest common divisor of two non-negative 
integers m,n. Note, that the homology groups in degree will play no role here. 
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Proof: The subspace of the Stokes directions Eo C S x S of a are homotopy equivalent to a torus knot of type 
(mi,m 2 ), which we denote by J?T. Let Si, C A be the union of the radial sheets with directions in ', a radial sheet 
being the product of the two radii in each direction, then the homology group to be computed is isomorphic to 
i/ 4 (^!^UD). Now, consider a decomposition A = US(v ( ) X S(fij) in bisectors as above, where we assume that 
the intersection of So with any bisector has at most one connected component. Now observe that for two radii A 
and K and a sector S(v) one has homotopy equivalences 

(XxK)/ dAlJD ~ S 2 and {lxS(v))/ dAuD ~ S 2 . (4.5) 

Starting with this observation, we can make our way through the various Mayer- Vietoris sequences induced from 
the decomposition of A in direct analogy to the sequences ( 14. 2> - J4.4l i. One easily deduces that the homology 
groups to be computed vanish in degree 1 and greater than or equal to 4. As for the remaining degrees 2,3, 
one sees that the one-dimensional contributions coming from H2(S 2 ) = C via J4.5i distinguish each other as long 
as they come from points on the torus knot J%f (i.e. the endpoint of A x K or any direction of some 5(v) x K 
respectively) that belong to the same connected component of the torus knot. A careful book-keeping thus gives 
the desired result for H2 and H3, the integers (mi, #12) being the number of connected components of the torus 
knot. (Another way to look at it, is to cut the torus along the knot and to use a Mayer- Vietoris argument to 
see that the dimension of the homology groups in question are given as the dimension of the analogous homology 
groups in the special case m\ — \— n%2, which is easily seen to be 1, times the number of connected components 
of the torus knot J?T, namely {rn\,m'if). 

□ 



4.1.2 Local de Rham cohomology 

We are now going to compute the local de Rham cohomology H*, R (L ess /L\ +L2) at the crossing point, where the 
rank one connection L has the formal model e a ®R with a = x l '" [ x 2 ™ 2 ■ u a {x\,x%) with u a (0,0) ^ 0. 

Since the sheaf L ess /Li + L2 has support at the origin, it is sufficient to consider the stalk at 0. We will keep the 
same notation L ess ,L\ and L2 but in the following think of these as the stalks. The main result of this section is the 
following 

Theorem 4.5 In the situation above, we have 

Proof: The regular singular part does not give any contribution to ^ess j ^ +L 2 ' so tnat we can om ^ ^~ Since 
M a(0) 7^ 0, we can locally transform the connection by multiplication with and obtain a new connection L 1 
whose induced complex ^ess / L[ + L' 2 ^ s quasi-isomorphic to the analogous complex for e a . Therefore we can also 
omit the factor u a (x) and take a = x^^x^" 12 - We then have to consider the following complex 




with 



Uss/ Li+L 2 Less / L\ + L 2 © Less / Li+L 2 Less / Li+L 2 



/ \ / — mi— 1 —m, dll —m\ — mo— 1 \ , 

(p(u) := (— m\Xy x 2 u, ni2X i x 2 u) and 



W((0\ , (B2 J := r h»i2X, l x 2 (£)\—m\x, x 2 1 CO2 

oxi 0x2 



1. Step: If we let 



Kmn := { E fkiAA €Li+L 2 \f k i=0fork<M and I < N} C L\ +L 2 , 

k,leZ 
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it follows that Ki i — ► K- m - m2 +i ®K- m +i _ OT2 — > K- 2 „ H - 2m2 . Consider the following diagram with exact 
rows: 



-> L l +L 2 / Kll -> l ^/k L i -> l ^/Li+L 2 ->• 

L l+ L 2/^- m ,.-„, 2 + l Lcss //f- m ,.- m2 + i ie SS / Ll+L2 

^ © -> © -> © (4.6) 

L i + L 2/AT_ mi+1 _ m2 WK-m 1 + i.- m2 L ^/l { +L 2 

-> L l+ L 2/ K - 2m .-2 m2 -» Less /K-2mu-2m 2 ~> L ™ / L X + L 2 ~» 



where the vertical arrows are induced by the connection V. We denote the columns of this diagram as J*T', and 
J^, so that the diagram reads as the short exact sequence — > J^' — > — * — > 0. 

Lemma 4.6 The first column J(f' of ( 14. 6t u acyclic. 

Proof: We denote the maps by <p and y7 respectively. To show that ker(<p) = 0, consider an element u = Y.fki x \ x 2 
in the kernel. This is equivalent to 

Kfkj - mfk+mi j+m 2 = = lf k .i - m 2 f k+m ., +m , for k < -mi and I < -m 2 . (4.7) 

Now, u G L\ +L 2 , so that fa = if both k and / are sufficiently negative and successive application of ( 14. 1\ gives 
u G K\ \. 

Next, consider (g,h) Gker(y7), i.e. J^- — + mzx^ OCg — mixj -1 Ct/i G K- 2m ^- 2mi . By definition, there are 

numbers iV,M with g,/; G K-m-n- We want to solve <p(/) = To this end, let />/ := for all k,l with 

< — M + m i + 1 and / < —N + m 2 + l, but /) ^ ( — M + m i , —AT + m 2 ). The desired equation for / induces the 
necessary equality of 

1 1 

f-M+m,.-N+m 2 — g-M-l-N — h-M-N-l ■ 

nil m 2 

Now, \jf(g,h) = reads as 

(k+ l)h k+l j - (1+ i)gu+i +m 2 gk+m l .i+m 2 +i -m\hk+n n +\,i+m 2 = (4.8) 

for k < ~2m\ and I < —2m 2 . We can choose representatives with gy = for k > —m\ or I > —m 2 + 1, and 
h\a = for k > —m\ + 1 or / > — m 2 . We can assume that M > m\ + 1 and N > m 2 + 1. Using J4.8i for k — 
—M — mi, I = —N — m 2 gives the desired equality /«2g-M-i,-iv = m \h-M,-N-i an d therefore the well-definedness 

of f-M+mi ,-N+m 2 ■ 

In the same manner, we can solve the equation kfki—m\fi,+„ H ./+,„ 2 = gk-i.i successively and get the coefficients 
for the remaining indices in A := {(k,l)\k < 1,1 < l}\{(k,l)\k < —M + m\,l < -N + m 2 }. We obtain 

1 k — m\ (k — mi) • • • (k — rm\) 

Jkl gk—mi—U—mo 9 gk—2m\ — l,l—m 2 ■ • • rTi gk—rmi J—rm 2 

m\ m\ m [ +l 

with r := max{^-, ^}. From this it follows that / := Y.{k,i)eAfki x \ x 2 & L\+L 2 solves pri (<p(/)) = g where pri 

is the projection to the first direct summand. The same computations give a solution / G L\ + L 2 for the second 
direct summand, i.e. pr2(<p(/)) = h. Using \j7(g,h) — as above, we easily see that the above calculations give the 
same coefficients = fy, so that we have found an / G L\ +L 2 with <p(/) = (g,h)- 
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To see the surjectivity of let u £ L\ +-^2/j^_ 2m _ 2mo be given, represented by u £ K-m-n f° r suitable M,N. 
Let /i := 0. We then have to find g whose coefficients satisfy 

-lgki+m2gk+ mi ,l+m 2 = u kl for & < -2mi and / < -2m 2 + 1 . (4.9) 

Especially, lg k / = m2gk+ mi .i+im f° r ^ < — Af ar >d ' < — W — 1, so that we can take gy := for £ < — M + nt\ and 
/ < —N +m,2 + 1 . Successively solving ( 14. 9> . it follows that 

1 / — m2 (/ — m2) ■ ■■ (/ — am2) 

Ekl ^k—miJ—mj + i ^ 2 ^k— 2/H2,/— 2wi2 + l ~r • • • H ami,/— am2+l 

W22 ^2 ^2 

for a > max{^-, ^-}. One obtains a solution g € ^-M+m^-iV+n^+i / K_ mi _ m2+ i and hence the desired surjectivity 
of"y7. 

□ 

2. Sfe/?: In order to calculate the cohomology of ^ess -\-J_n, we thus have to do so for the middle column J?T of 
(14.61 . After transformation x,- i— > x ( ~ 1 for i = 1 , 2, we have to consider the following complex 

o^^^x^+^jrex^'xf+V^^xf'+'^+'jr^o, (4.10) 

where Jff denotes the ring of power-series in two variables which converge in the entire complex plane C 2 . The 
maps are given as follows. Define P MN := {Lk,i>ofki4 x 2 e & I fkl = if k > M and I > N}. Thenxf +1 x^ +1 ^ ^ 
,3 ^/Pmn and we P ut 

£)(w):=-(x 2 # +mix'" ,+ x 2 ni u,x\^+m2X™ { x 2 ni+l u)mo&P, ni)m2 -i@P mi -\.m 2 



E{(D\,G>i) := -x 2 l ^-+xl^+m 2 x 2 a- 1 (Oi-mixia- l o>2 modP 2mi ,2m 2 
Claim 1: dimkerD = (m\,ni2)- 

Consider an element u = £k ,/>o u ki x \ x> 2 e ^ ■ Then m £ kerD translates into the following condition on the power 
series coefficients: 

ku k i+miu k _ mi j_ m2 = and lu k i +m 2 u k _ mi j_ m2 =0 (4.11) 

for all k > m\ and / > W2. It follows that for m to be in the kernel of D, it is necessary that its non-vanishing 
coefficients u k [ lie on the line := {(k,l) £ No x No | lm\ = km2}. Moreover, choosing values for the coefficients 
u k i on this line in the region 0<fe<mi,0< / <ni2 gives an element u £ kerD by means of J4-. Ill (the convergence 
of the solution so obtained is easily seen). Claim 1 follows as the line J£ intersects the integer lattice Z x Z in 
exactly (m\,m2) points in this region. 
Claim 2: dimcoker E = 0. 

Let r] £ x\X2(X~ 2 -3¥ be given. We have to find (o)i, (02) £ x\OT x Jif ©X2a~ 1 such that 

7 do>2 7 d(0\ ^ s 
-xf— hxj^ hm 2 X2a (0\-mix\a 0)2 = T7 . (4.12) 

<7Xl 0x2 

We let 0)i be arbitrary and write 0)2 = exp(— x^'x™ 2 ) • p with an element p £ Jf? yet to be determined. Then 
(©1 , ©2) solves ( I4.12> if and only if 



- — = exp(x, 'x 7 2 ) -x, x 2 ^ \-m2x2OL 0)1—77 

ax\ \ 6x2 

The right hand side defines an element in which can be integrated in x\ direction, so that such a p exists, 
proving Claim 2. 
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3. Step: We prove that the complex given in (I4.10> has vanishing Euler characteristic. To this end, consider the 
following diagram with exact rows: 

o ^ o -» jf % .ye o 

I ID ID 

-> P mi ,m 2 -\®P nn -\. nn -> Je®. ?e -> xia-'jfffi^a^'jf -> • (4.13) 
I I£ |£ 

-» P2m u 2m 2 -> ^ XiX 2 a~ l JP -> 

To complete this step, we prove the following 
Lemma 4.7 The operator 

E • Pm\jn 2 —\ ®Pm\— l,m 2 > ^ > 2mi,2m 2 

is Fredholm with index — 1. More precisely, one has dimker^) = + 2 ant/ dimcoker(£') = + vv/zere a! := 
(mi , denotes the greatest common divisor of mi and m 2 . 

Proof: We first calculate the dimension of the cokernel. Let u := Y*k,i u ki x \ x 2 G P2m l ,2m 2 - We have to solve 
E(g,h) = u. In terms of the coefficients in Laurent series expansions this reads as 

Wki :=-(k- l)h k -^i+(l-l)g k ^i+m2gk- mu l-m z -i-mihk- mi -i,i-m 2 =0 (4.14) 

for all (k,l) e A, where A :— {(k,l) S No x No | k < 2m\ or I < 2m-i\. Observe that in most cases either the first 
two or the last two summands vanish, as g^i — h\a = for indices k, I $A. There are several different cases of pairs 
(k, I) € A to be considered: 

i) (k < mi or / < m%) and (k > and / > 0): then ( I4.14> for the pair (k,l) and the pair {k+mi,l+m2) gives 

(*-l)Ajfc_l,/+(/-l)gjk,j_i =u u and -m l h k _ lJ + m 2 gkj-i =u k+mu i +m2 . 

ii) k = and / > 0: Then 14.141 gives y/ ./ = Q- l)go,/-l = «0,Z, Wm l ,l+m 2 = 

= —{m\ - l)h mi -i. m2+ t + (m 2 + l- l)gm h m 2 +l-l + m 2gOJ-\ = " mi ,m 2 +; 
and V / 2m 1 ,2m 2 +/ — m 2gm\,m 2 +l-\ — m \h m \-l,m 2 +l ~ u 2m [ ,2m 2 +l- 

iii) £ > and Z = 0: in analogy to the case ii), this gives % o = — (£ — o = u k,o> Wmi+km 2 — 

= -(mi +k— l)h mi+k -\,m 2 + (W 2 - l)g mi +k,m 2 -l ~ m \ h k-\i) = « mi +<r,m 2 
and yf 2mi +k2m 2 — m 2gnn+k,m 2 -l ~ m \h mi +k-l.m 2 — u 2m l +k,2m 2 +l- 

iv) (&,/) = (0,0): Gives the equation mo.o = 0. 

v) (k,l) £ {(mi,m.2), (2mi,2m2)}: Then j4~T4l gives 

Wm 1 ,m 2 = -{> n l - \)h mi -\,m 2 + (»»2 - l)^;«i,m 2 -l = Wmi,m 2 and 
V^2mi,2m 2 = m \hm\ — \,m 2 ~t~ ^2Sm\^m 2 — 1 = w 2m[,2m 2 • 

By some simple matrix calculations one sees that case i) gives a li-dimensional contribution to coker(£') if mi 7^ W2 
and a (c/ — l)-dimensional contribution if m\ = m 2 \ cases ii) and iii) each give a one-dimensional contribution. 
Case iv) contributes with a one-dimensional subspace, whereas case v) adds another dimension if m\ ^ m 2 and no 
contribution for m\ = m 2 . Summing everything up, gives the result 



dimcoker(.E) = d + 3 
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as claimed above. We remark that the convergence of the solutions we obtain by the combinatorics of the Laurent 
coefficients above is an easy exercise. 

To compute the dimension of ker(E) we proceed in a similar manner, looking at the cases i) - v) above with 
u = 0. Again, one easily sees that case i) give a cZ-dimensional subspace if m\ ^ mi and a [d — 1) -dimensional 
one for m\ = cases ii) and iii) each add one dimension, case iv) gives no contribution to ker(£') and case v) 
contributes with a one-dimensional subspace for m\ = mi and gives no solution for m\ ^ mi. Hence, we have 

dimker^) = d + 2 , 

from which the lemma follows. 

□ 

We are left with the task to calculate the index of the complex given by the middle column of (14. 1 31 . To this 
end, again consider the following diagram with exact rows: 

o -> jt jt — > o o 

ID' [D | 

o -> 3?@*t ,ye®,w — » -» o (4.15) 

IE' IE |A 

- Jf ^ ^ ^ ^lx\x\^ - 

where A(Oi,fi)z) := -x\^r + X 2^T modx\xjjt '. Obviously, ker(A) is the C-span of (0, 1), (0,jc 2 ), (1,0), (jci,0) 
and coker(A) = span c {l,jq,X2,xiX2}. It follows that dimker(A) = dimcoker(A) = 4 and the Euler characteristic 
of the first and the second column of d4 . 1 5 1 coincide. Thus vanishing of the Euler-characteristic of (14.101 follows 
from 

D' E' 

Lemma 4.8 The Euler-characteristic ofO — > J/f — > ® Jif — > Jf? — ► equals 1. 
Proof: Decompose the operators as follows: 

D'u—((— — , — — ) + (mix'" 1 1 x™ 1 ,mix™ 1 x™ 1 '))« and (4.16) 

OX\ OX2 

7-1/ / \ /^0>2 d(0\ . . mi— 1 ffli mi mn — 1 \ /,i n\ 

£ (0)1,0)2) = (-^ j + ^miXj 1 x 2 2 C02-m 2 x 1 'x 2 2 0)i) . (4.17) 

For any R > 0, consider the space B^ 1 '* 2 ^ of all holomorphic functions on Dr xDr that are of type C kj with respect 
to the variable x, on Dr x Dr, where Dr C C denotes the open disc around with radius /? and Dr its closure. 

The complex to be considered induces a complex Bg' 1 ^ B R °'^ (BBg^ -^-> B R °'°\ The decompositions (14. 1 6t 



and ( I4.17> are decompositions of complexes in the sense that taking either the first terms in (14. 161 and J4. 17i or 
the second terms again give a complex. The second terms in J4. 16i and (I4.17> consist of compact operators and 
so the Euler-characteristic remains unchanged if one omits these terms by Vasilescu's generalization of the well- 
known compact perturbation theorem for Fredholm operators (cp. [21 1 and |22|). The Euler-characteristic of the 
unperturbed complex is easily seen to be 1, the only contribution coming from the constant functions being the 
kernel of (gjp ^-) and the lemma follows by taking the limit R — ► 00. Compare with 1161 . Theorem 1.4 for the 
analogous arguments in the one-dimensional case. 

□ 

This lemma completes the proof of Theorem l4.5l 

□ 
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4.1.3 Non-degeneracy from the left 

Finally, we will prove non-degeneracy of the local pairing at a crossing-point from the left. Note that perfectness 
from the left is better accessible than perfectness from the right, the reason lying in the difficulty of constructing 
sufficiently good 'test forms' CO £ Less with Vco £ L\ + L 2 , whereas 'test cycles' c® e are easier to handle. The 
arguments used in the proof are similar to the one-dimensional case of 1 3 1. 

Theorem 4.9 The pairing 

HWh»lu +L 2 ) x < +2 (A, dA;D) -> C , p = 0, 1 , 
is non-degenerate from the left, i.e. if < [co] , [c (£> e] >= Ofor all [c ® e], then [co] = 0. 

Proof: We start with the case p — 0. Let [co] £ H® R (Less / ^ + L 2 ) ^ e gi yen - Let e be a basis of j£f and e v denote 
the dual basis of Jz? v . Then 0) can be written as CO = a ■ e with an analytic function a and 

Vco = S<E)da — e <E> T]i + e (g> rj 2 E L[+L\ , 

where e denotes a meromorphic local basis of L. We have to show that ae £ L\ + Let c be the radial sheet 
c= [Q,pi] x [0,pz] C A = D 2 xD 2 , with p = (pi, pi) £ 5A. 

First, consider the case that e and £ v are sections of Lj +Lj in the notation used before. Since 

da =< Vco,e v >=< e,e v > 77 , 

with 77 = 771 + T72, it follows that da £ 0± + i^f, hence also a and therefore ae £ L\ +L\, where as before ffy 
denotes the /?-forms meromorphic along D^ v and arbitrary along D v . 
Next, assume that £ v is rapidly decaying along c. Then by assumption 

a( P )e v ( P ) = (<co,e v >-e w )( P ) = {j ^<VT] 2 ,e v >+ J <ni ,e v >- J < m,£ v > ) • e v ( P ) , (4.18) 

c dc\ —D dcj-D 

with the decompositions c = c\ + c 2 and Vco = Tji + tj 2 £ L\ + L\ as in the definition of the pairing, see Lemma 
13.31 Now, Vtj 2 = — Vrji = e<E>p with a meromorphic two-form p. With these notations, one has 



J <Vt? 2 ,£ v >= J <e,£ v >p 



In local coordinates, the section e v is asymptotically equal to exp(— kx x mi x 2 m2 ) times a meromorphic section of 
££ v . Therefore, in order to understand the first term in J4. 1 8I > we have to study the behavior of 

, -mi —Wn f , —mi —mn 

J[0,p,]x[0,p 2 ] 

for ( P \, P 2) —* (0,0) and some 7*1,7*2 £ Z. Similar to |3) in one variable, substituting variables y; = x[ l , qi = pj x 
and m, = yi — the latter integral reads as 







with a polynomial / with positive coefficients. This integral has at worst moderate growth as (#1, 92) ~^ °°)> so 
that its contribution vanishes modulo L\ +L 2 . 
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In a similar manner, the second summand in J4. 1 8b 

e v (p). I <t 7i ,£ v >=( / , r < e ,e v >T7i)-e v (p) 
leads us to study the integral 

P2 

, —mi — rm f , —mo 



o 

for pi — > with arbitrary 77. As before, this has at most moderate growth for fixed P2 and p\ — > and thus lies in 

'1 +^2 



L2- The same argument shows that the third term in J4. 1 8b vanishes modulo L\. It follows, that as lies in L^+L^ 



provided that e v is rapidly decaying along c. 

It remains to consider the case, where e v is rapidly increasing along c, i.e. the radial sheet c does not lie in any 
Stokes bisector belonging to £ v . Then £ is rapidly decaying along c. Again, by 

Vo = e®da e l\ +l\ 

it follows that £ ®da G L\ +L\- If we write £ = y/ ■ e with the analytic function y/, this reads as \j/da G 0\ + 0\, 
i.e. 

da n n da n n 

V/^— G + &l and V^— G @\ + ^2 ■ (4.19) 

Now, V/ has rapid decay along c by assumption. In order to prove that ( 14.191 1 induces yr ■ a G 6\ + we have to 
show that for any two functions g,a in the variables (x\ ,X2) such that g has rapid decay and 

g|^G^ + ^ 2 °for/=l,2, 

OX\ 

it follows that ga G + 6\- We apply the mean value theorem at a position (^1,^2) after choosing a fixed point 
q = (qi,q2) with < \xi\ < \qi\ in order to find a point r = (ri,^) in between such that 



where = {hi, hi) := q—x. By ( 14. 19b . we can find functions <p v G ^ sucn tnat g( x ) a ( x ) — ^( x ) fl (?) + |ra ' 
(<Pi (r) + <?>2(?")). Now, g(x) is rapidly decaying as {x\ ,xi) — > (0,0) along c, so that there is no growth contribution 
coming from the first term. As for the second term, the function <pi has moderate growth in ^-direction and thus 
for fixed xj and r\, 

i^4<PiWi<c 1 .|r 2 r A, <c 1 .^r Ar 

sin 

proving moderate growth of the second term in .^-direction also. The same argument applies for the third term, 
proving gae^+tf^. 

Next, we consider the pairing Hj R (Less J +L 2 ) x H" 1 {A,dA;D) — > C, i.e. the case p = 1. We have the 
following Mayer- Vietoris sequence for the de Rham cohomology of ^£ := ^ess Jj. +L2 as we U as me dual of the 
corresponding sequence in rapid decay homology (see (14. 2\ ) 

m m 

0^ Hl R {Ti-\Q)-Jt) «- ® Hj R (Tj J+l ;^) <- @H^ R {T j ;^) «- H° dR {n-\<S);Ji() ^0 

/ 1 / 1 

la IP Ir I 

m m 
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according to the decomposition of the torus % 1 (0) = Ufai Tj w ith Tj := S 1 x fXj where S 1 decomposes into small 
enough intervals as S l = U7=i Hj- The radial sheets with directions in Tj are denoted by Z ; as before, i.e. 

Again, 7y := Tj n Tj and Z i; - := Z,- RZy. The vertical arrows are induced from the local pairing. The arguments 
above show that j3 and y are injective. Additionally, our knowledge about the dimensions of the (co-)homology 
groups involved (Theorem 14.41 and Theorem 14. 5> then induce that y is surjective, hence a is injective by the 5- 
lemma. This proves perfectness from the left for p = l. 

□ 

4.2 Local pairing at a crossing-point involving one direction 

To complete the investigation of the situation at a crossing point of D, we have to consider the pairing involving the 
contributions from the one-dimensional local strata of D. Let A denote a small bi-disc around the crossing point 
(0,0) G D, where we chose local coordinates such that D — {x\x 2 — 0} = D\ UD 2 . We prove the following 

Theorem 4.10 The local pairing 

HP~ 1 (A;Uss/ L2 ) xH r p d (A\D 2 ,A\D;D) ->• C (4.20) 
for the local contribution of the connection along D\ at the crossing point is perfect. 

Proof: We omit A from the notation of de Rham cohomology. Recall that L has the elementary model e a ® R, 
where a(x) = x\ ma ■ u(x) with u(0) ^ 0. 

We now prove the analogue of Theorem l4.4l namely 



dim#^(A\D 2) A\Z);Z)) - J ° f ° r * - 3 



Proposition 4.11 In the situation above, we have 

. n- n\ — J 

m for * = 1 , 2 . 
Proof: We have the Stokes directions in n~ l (£>* ) = S l x £>* : 

Ei := {(#i,x 2 ) G n~\0,x 2 ) I -mn9i-rarg(M(0,JC 2 )) £ (|,|)} , 
where :— D\ \0, and the fibration by Stokes sectors, which reads in local coordinates as 

61 := U RV'* 1 x {x 2 } . 

Note, that one may regard 61 as a subset of the disc bundle associated to the normal bundle DN(D* ) of D* in X, 
which we identify with A\D 2 . In each fiber over (0,x 2 ) € D* it is determined by the Stokes sectors of e a , i.e. the 
sectors, where e a has rapid decay for X\ — * 0. 

Decomposing S 1 into small enough intervals and thereby A\D 2 into the corresponding fibration by sectors, 
we can apply Mayer- Vietoris sequences in the same way as we did in the proof of Proposition ^. 21 With the same 
arguments as before, the statement analogous to Proposition 14.21 follows, namely a decomposition as ordinary 
singular homology groups: 

//"'(A\D 2 ,A\D;D) =H*(Vi n©i,<9Vi UD) , 

where 61 denotes the fibration by Stokes sectors corresponding to e a and V\ denotes a small tubular neighborhood 
ofDf :=Z)j\0. 
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It remains to show, that 

<&***(V l nZ h dV 1 UD;D) = { ma ^ 

The topological situation looks as follows. Consider the fiber DN(D*) X of the normal disc bundle of D* at 
some point x := (0,^2) We denote by a a C DN(D* ) x the Stokes sectors inside this disc, i.e. the intersection 

a a = E" P\DN(D* ) x . Now, we can retract the tubular neighborhood V\ of to the trivial bundle with base space 
being a circle S l around D2 and with fiber DN(D*) X , as well as the Stokes sectors a a in this fiber to the union of 
m a radii, one for each Stokes sector. Now, we have to identify all points in the boundary dV\ as well as those in D. 
In the fiber DN(D^ ) v , this result in a wedge of m circles, and we finally are left with a trivial bundle over the circle 
S l with fiber the wedge \J m S 1 , where we still have to identify the 'zero' -section S l x {pt } C D^, {pt} being the 
base point of the wedge of the m a circles. Thus, 

H,(v l x n^ 1 dv l uD) = H,((s l xys l )/ {s i x{ t} )) . 

Using the Kiinneth isomorphism and the effect of collapsing the one-cell S l x {pt}, one easily sees that the latter 
singular homology spaces obviously have the desired dimensions as in (I4.2H . 

□ 

Next, we calculate the dimension of the corresponding de Rham cohomology groups from the pairing J4.201 : 
Proposition 4.12 In the situation from above, we have 

,• tt* ,j 1 ^ f for * 7^ 0, 1 
uk\ ^ m for* =0,1. 

Proof: As before, the regular singular part R gives no contribution to the dimension, so that we can assume it is 
trivial. Again, we write a — x^ m ■ u a (x) with u a (Q) ^ 0. After a local transformation by w„ , we can assume 
u a = l. We thus have to consider the complex 

Less j L2 — * ^ ess / L2 © ^ ess / L2 ^ ess / L2 

with 

r % , du ,,, , du . , , , do)2 _,„_, da>i 
p(w) := (3 mx x u, 3 — ) and \jf ((Qi, a>2, ):= — mx l ©2-3 — • (4.22) 



Now, let G denote the ring of holomorphic germs in one variable z at and 9Jt denote the meromorphic 
germs. Let p : ff ffffl — » e J 9JJ be the map induced form the one-variable connection VI := z~ m ~ l dz, i.e. p(/) = 
f{z) —mz~~ m f{z). Consider the diagram 

I IP ir I 

f(xi) S L ess/ Ll L ess / L2 ©L ess / L2 3 (g(*l),0) . 

We claim, that j3 induces an isomorphism of the kernels of the horizontal arrows. To this end, consider u = 
;UijX\x2- Then MmodL2 G ker<p if and only if 

•\ du du _j 

1) -r — —:rj£L2 and 11) wwc, u e L2 

0x2 ax\ 

are both meromorphic in x\ -direction. Assume that rj = L/>-A'L; I 7y-*i J < : 2> tnen ^y i) it follows that 

";,/+ 1 = ' lij for all iV - 1 , 
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especially k,j = for all j ^ and all i < —N. Let u :— Ujjx\x 2 G La, then 

u(xi,X2) — u{x\,X2) = 52 "i-O-f'i =: G im(j3) . 



i<-N 



Now, [w] = [/3(w)] G iess/^ 2 and obviously [m] £ ker<p [w] G kerp. From the computation of the one-variable 
case (| 16|), we deduce dimker<p = dimkerp = m. 

Next, we want to compute H 2 (L e ss h-) = 0, i.e. for given 77 G L ess , we have to find (a>i , (O2) G Less (BL ess and 
V £ L2, such that 

d(Q 2 dcoi m , 

dx\ 0x2 

We can do so by setting (0\ := 0. Writing o>2 = e~ x ' ■ /, we obtain a solution if and only if = e v i (77 + v), 
which is a question of vanishing of the residue in xi-direction (i.e. the residue of the function in the variable x\ for 
fixed xi). A simple calculation shows that this can be achieved by 



V : 

j 



It remains to prove that dim//j ff (^ess / l 2 ) — m. Consider an element [(©1 , ©2)] G ker(y/) j We can write 
0)2 = Y.j a j{ x \) anc ^ trien ^ n< ^ some u £ ^-ess such that = fly^i)^- Modulo im(<f>) we may therefore 

assume that ©2 = a(xi) -x 2 ■ We write ©1 in the form ©1 = Y,jbj{x\)x 2 . Since [0)1,02] G ker(^/), there exists an 
tj G L2, written as r\ = ' x 2' sucn tnat 

<?©2 _ m _i , <?©i 

(7X1 <7-*2 
-m— 1„/„ \\ -1 \- l„J v _\ 1 / ; 1 1M,./-. \\_/ T* tl,„i i, -1 



which reads as (a'(xi) — mxj m a(x\))x 2 1 = Lj(tJ/(jci) + (j + i)bj(xi))x J 2 . ^ follows that bj{x\) — 7jj(xi) G 



9Jt for any 7 ^ — 1, so that modulo L2, we may again assume that ©1 = b{x\)x 2 1 with b(x\) := £>_i(xi). Further- 



more the function a{x\) must satisfy 

a'(xi) — mx\ m ~ a(x\) = Tj_i(xi) G DJl . 
It follows that ^ - mxi m ~ l a>2 G L 2 and thus 

-fern )jc, = -= — = -r mx, ©2 - 77 G L2 ■ 

2 dx 2 <3©i 

But then ©1 G L2 and we have obtained 

Hd R { L ™/L 2 ) = {[(0,a( Xl )x 2 v )} I a'(xi) -mx\ m - x a{x l ) G 971} . 
From the theory in the case of one variable, we know that its dimension is m as we wanted to prove. 

□ 

Thus, we have proved that the (co-)homology spaces in d4.20i have the same dimension. It remains to prove 
perfectness from one side: 

Proposition 4.13 The local pairing d4.20i is non-degenerate from the left, i.e. assuming < [co], [c<g>e] >— for 

all [c (g> e], then [©] = 0. 

Proof: The proof uses literally the same arguments as the one for the corresponding statement for the pairing at a 
crossing -point including both directions D\ and D2 (Theorem l4.9> and is therefore omitted here. 

□ 

The proposition completes the proof of Theorem l4.10l 

□ 
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4.3 Local pairing at a smooth point 

It remains to study the local pairing at a smooth point of D, i.e. we may now assume that in local coordinates 
D := D\= {x\ — 0} and we have to consider a small bi-disc A around the smooth point (0,0) G D. Our task is to 
prove perfectness of the local pairing 

H^A^DuDi) x < +1 (A;ie SS / Lmero ) — C . (4.23) 

Theorem 4.14 The pairing J4.23i is perfect. 



Proof: The proves of the following propositions is very similar to the proves of Proposition 14.1 Iir4.12l and l4.13l 
we will only briefly mention on the necessary changes. Let e a ®R be the elementary model with a(x) = x^ ma u(x) 
as before. 



Proposition 4.15 One has AimHf (A,A\Di;Z)i) 



/or * > 2 
m a for * = 1 



Proof: As in Proposition ^. 121 the rapid decay homology groups decomposes as the ordinary singular homology 
groups of the Stokes regions in the tubular neighborhood of D\, i.e. the normal disc bundle of D\ modulo boundary 
and basis D\. Here, the topological situation is even simpler as before, as we can retract the base of the bundle, 
namely D\, to a point and end up with the Stokes radii in the fiber over a chosen point (0,X2) 6 D\. Modulo 
boundary and modulo base point x, this is just the wedge of m a circles. Thus 

dimi/^(A,A\Di;D 1 ) =dimH t (\/S 1 ) . 

m a 

□ 

{0 for * ^ 
m a for * = 

Proof: The proof for degree and 2 is nearly literally the same as in Proposition ^. 1 II We have to consider 

^ess I J — > L ess / j (T)L ess /r — ? L ess It 

I ^mero / ^mero / ^mero / ^mero 

with <p and y/ defined as in J4.22I . Now, we proceed in the same way considering the Laurent expansions. In 
the case here, these expansions have no polar part in X2 -direction, but the arguments used for degree and 2 still 
remain valid and give the desired result. 

The non-existence of polar parts in X2 -direction, however, induces vanishing of H^ R (^ess /L mero ) : Let [(0)1,0)2)] S 
ker(y/). Now, 0)2 has no polar part in ^-direction, hence no residue in X2 (with fixed ^1), so that 

du 
dx 2 

has a solution in L ess - Therefore, modulo the image of <p, we can assume that 0)2 = 0. But then 0)1 has to fulfill the 
equation 

<3o)i 

for some 77 S L mero , i.e. with meromorphic functions rjj. But this forces ©1 to be meromorphic also, hence 
[(Gh,Gh)}=0eH} R (Le SS / Lmeio ). 

□ 

Proposition 4.17 77ie pairing J4.23i is non-degenerate from the left. 
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Proof: The proof uses the same arguments as in Theorem l4.9l and is therefore omitted here. 

□ 

We thus have proved local perfectness in all three situations to be considered (cp. Definition 13. 61 . This finally 
completes the proof of the main result (Theorem l2.5> . 
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